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Abstract. Let n, k be the positive integers {k > 1), and let Sn,q{k) be the sums of the 
n-th powers of positive q-integers up to fc — 1: Sn,q{k) = J2'i=o Q^^q i where [l]q = ^— -j-- 
Following an idea due to J. Bernoulli, we explore a formula for Sn,qik) as follows: 

1 " 4-1 



i=0 

where /3i ^ are the g-Bernoulli numbers 



n + 1 



1. Introduction 
Let n be a natural numbers. There are formulas such as 



1 + 2H + n 



n'^ + n 
2 ' 



V + 2^ + --- + n^ = 

D 



l'^ -f 2^ + ■ ■ ■ + 
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In Korea, these are subjects of the high school mathematics. J. Bernoulli (1713) first 
discovered the method which one can produce those formulae for the sum ^J^^^ for 
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any natural numbers. Let q be an indeterminate which can be considered in complex 
number field, and for any integer k define the ^-integer as [k]q = ^n]-, cf. [1,2]. Note 
that limq_>i[A;]q = k. In this paper we evaluate sums of powers of consecutive g-integers. 
For any positive integers n, k(> 1), let Sn,q{k) = ^i^q q''[l]q - Following an idea due to 
J. Bernoulli, we explore a formula for Sn,q{k) as follows: 



i=0 ^ ^ 



(1 - 

n+1 



where (3i^q are the (/-Bernoulli numbers. 

2. Sum of the n-Tn powers of positive gr-INTECERS UP TO A; - 1 
Let j be the positive integers. Then we easily see that 

(1) [j + 1]? - = {[j], + Q'f - = Q\m, + 

By (1), we have 

k—l k—1 



j=0 j^o 



Hence, 



(3) g,.,.,,.(w^_|k)^. 
By the same method of Eq.(l), we easily see that 

(4) [j + ifq - [jfq = mU'^' + + cf'- 

Thus we have 

3 [3] 



(5) Eb&"^4w?-Kf'^^-l7) 
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Example. For = ^ in (5), we note that 

(1)2 + ( A)3 A + + . . . + ( A)/c + A + . . . + (l)/=-2 1 ^ 

^10^ V 10/ 10 V 10 10 ' 

1 \i/ 1 



3vi-^; 2^vi-^y i-(^)v 3Vi-(^)^ 

Let n, A; be the positive integers {k > 1) and let Sn^q{k) = Yl'i=o ^'[^Iq • Then we note 
that 

n— 1 ^ \ fc — 1 

(6) E ( j^M-(^) = E ([^ + - W9 = K- 

By replacing n by n + 1, we see that 
Therefore we obtain the following: 

"--1 / I i\ 

3. ^'-ANALOGS OF BERNOULLI POLYNOMIALS 

In this section, we assume g G C with \q\ < 1. The g-BernouUi polynomials f3n,q{x) 
are defined by means of the generating function Fq{t) as follows: 



(9) F,(t) = eT^?— ^ -tV g"+-e["+-]«* = V |g| < 1, |t| < 1 . 

logo n! 

* ^ n=0 n=0 

In the case a; = 0, Pn,q{= Pn,q{0)) will be called the ^'-Bernoulli numbers, cf. [1, 2]. By 

(9) , we easily see that 

(10) A„w =g (;),-ft„Nr = (^)"|: Q^/n-i)'. 



4 



SUMS OF POWERS OF CONSECUTIVE ^-INTEGERS 



In (9), (10), the g-BernouUi numbers can be rewritten as 
(11) Po,, = + 1)' - Pk,, = Sk,i, 

where Sk,i is Kronecker symbol and we use the usual convention about replacing /3* by 
Pi^q, cf. [1,2]. By (9), (10), and (11), we easily see that 



k-i 



f 



n-1 



1^0 1^0 n=l \ 1^0 

Thus we have 

fc-i 

(12) PnAk)-Pn,,^nJ2Q'm~'- 

1=0 

By (12), we obtain the following: 



n+1 



Pn 



In Eq.(lO), we know that 

(14) PnM = E (t) [^ir'/^'^,. E (^) NU? - !)'■ 



fc=0 

By (14), we easily see that 



r 1 

(15) / Pn,q{^)d[x]q = —— {Pn+l,q{k) " Pn+l,q) = Sn,q{k). 

Jo n-\- i. 
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